1. Find the value(s) of A for which the following system of linear equa-

tions

A1l 1 T 1
1 A1 y | =11
1 1 A z 1

(a) has a unique solution,
(b) has infinitely many solutions,

(c) has no solution.

[2+4+4]

/ f(t)dt = 2*sinx + 23,
0

then find the value of f (7).
[10]

3. For each of the statements below, prove the result if it is true, give a
counter example if it is not true.

Suppose > a,, with a,, > 0 is convergent. Then,

(@) Y. \/ana,+1 is convergent,

(b) forall 0 < § < 1,5 al*® is convergent,

(c) forall0 < d < 1,3 a9 is convergent.

[4+3+3]



4. (a) Let X be a Binomial(5, p) random variable and let P(X = 2) =
2P(X = 3). Find the variance of X.

(b) Let X be Poisson(2) and Y be Binomial(10, 2) random vari-
ables. If X and Y are independent, then find the value of P(XY =
0).

[3+7]

5. Let R be the set of real numbers. Consider f : 8 — R as follows:

min{|z|,1 — |z|} if x is rational and x € [—1, 1]
flz) =

0 otherwise.

Then, prove or disprove each of the statements below.
(a) fiscontinuousatxr = —1andz =1,
(b) f is differentiable at = = 0.

[5+5]

6. (a) Inhow many ways can 900 identical chocolates be divided among

200 children such that each child gets at least 4 chocolates.

(b) In how many ways can 7 non-identical chocolates be divided

among 3 children such that each child gets at least 1 chocolate.
[6+4]

7. Let %, R, and R, ; be the sets of real numbers, non negative real

numbers, and strictly positive real numbers, respectively. Consider a



10.

two variable function f : 2 — R which is differentiable in R2 _,

homogeneous of degree two and, for all z,y,a,b € ¥R,, satisfies
flz+a,y) = flz,y) +ay, f(z,y +b) = f(z,y) +br and f(z,0) =
f(0,y) = f(0,0) = 0. Using these conditions, identify the exact

form of the function f.

[10]

. Show that if f is a continuous real valued function on [0, 1], then there

exists a point ¢ € (0, 1) such that fol zf(x)de = fcl f(x)dz.

[10]

. In how many ways you can select 6 letters out of 100A’s, 80B’s,

60C’s, 3D’s, 2E’s, and 1£?
[10]
Consider the following polynomial equation
2 +or+1n2=0.

Mr. A and Mr. B are drawing « using distributions N(0,1) and
U (—2\/%, 2\/%), respectively, where N (0, 1) denotes the standard
normal distribution, and for a < b, U(a, b) denotes the uniform dis-
tribution over the interval [a, b]. We say someone is successful if he
chooses « such that the polynomial equation has a real root. Who has

a higher probability of being successful?

[10]



1.

(a)

(b)

©)

Consider the consumer demand model given by

w;dlog q; = b;(dlogx — Z widlog pr) + Z c;jdlogp;
- .

J

where 7 = 1,2,...,n, ¢, is the quantity of :-th item consumed,

x is income, p; is the price of i-th item, w; = ”f" is the bud-

get share of item 4, and ¢;; = 2% ;S”' , S;; being the compensated

price effects, and for any variable z, d log z denotes total deriva-
tive of log z. The parameters are: b; and ¢;;,7 = 1,2,...,n;j =
1,2,...,n.

What are the restrictions to be imposed on the parameters for the

system to satisfy

(i) Adding-up (>°.", pi¢; = ) and
(i1) Homogeneity of degree zero in prices and income, given
(1)?
Derive the Marshallian demand function (in budget share form)

for item ¢ for the following indirect utility function:

oS (2)"

i=1 pi
where a; > 0, b; > —1, and p being the vector of prices.

Derive the Marshallian demand function (in budget share form)

for item ¢ for the following cost function:

Clu,p) = piai+u ][},
=1 =1

where 1 > b; >0and ) . b, = 1.

[(6+6)+6+7]



2. Consider a duopoly market with market demand for the product given

by p = 2—x1 — x5, where z; is output of firm ¢. Firm 1’s marginal cost

is 1 and this is common knowledge. However, firm 2’s marginal cost

is determined by Nature. It is 2 with probability 1 and 2 with proba-

bility % Firms choose quantities simultaneously and non-cooperatively.

Find the expected payoff of each firm prior to Nature’s move in the

following cases:

(a)
(b)
(©

(b)

At the stage of production neither firm knows firm 2’s cost.
At the stage of production firm 2’s cost is private information.

At the stage of production both firms know each other’s costs

and this is common knowledge.
[8+10+7]

Consider the following regression model
Yo =+ €

where « is the intercept, ¢, ~ N(0, 0%x;), E(eies) = 0 for all
t # s and x; is non-stochastic and known. Find the best linear
unbiased estimator (BLUE) of «, its variance and the estimate

of its variance.

Suppose the true regression model is
Yy = o + 12y + 042:(;? + v
Suppose instead we estimate the following regression model

Y = Bo + fize +

2



by ordinary least squares (OLS). Express £(/3; ) in terms of v, oy

and .
[12+13]

4. Consider the following time series model:
Yt =10+ 0.5}/;5_2 + € — 0.56,5_2

where ¢;’s are independent and identically distributed sequence with
mean 0 and variance 0.

(a) Examine if the time series is stationary or not.

(b) Examine if the time series is invertible or not.

(c) Find the mean and variance of the time series.
[8+7+10]

5. Consider the two sector growth model:

Y = AK*H?

K =sgY — 0K

H=syY?—6H

where o + 8 < 1,0 < ¢ < 1,0 < 0 < 1,and A(t) = A(0)e".
Here, Y denotes output, K denotes capital, H denotes human capital,
and sy and sy are the exogenous savings rates that fund physical and

human capital, respectively.



(a) Find the balanced growth path (BGP) for this economy where

all variables grow at constant rates (i.e., find the growth rates gy

and gk in terms of g).

(b) What is the growth rate of output, gy, on a BGP?

(c) What is the effect of the parameter, ¢, on the growth rate of

output on a BGP? Explain your answer.

[10+8+7]

6. Let R, R,, and R, be the sets of real numbers, non negative real

numbers,

and strictly positive real numbers, respectively. Consider a

two commodity economy where the commodity space is X x Y where

X=Y=

R.,. Answer the following questions.

(a) Suppose that the utility function of the consumer is f(z,y) =

/Ty. Show that for any A € [0, 1] and any (z1,41), (z2,%2) €
R FOxr+ (1= N)zg, Ayy + (1= Nya) > Af (21, 91) + (1 -
)\)f(anyZ)'

(b) Consider a consumer who makes the following types of pur-

chases.

@

(ii)

When the price of commodity 1 is Rs. 5 and that of com-

modity 2 is Rs. 2, then, for any income level w > 0, the

w

w 2w
9

9 units of

consumer buys § units of commodity 1 and
commodity 2.

When the price of commodity 1 is Rs. 1 and that of com-
modity 2 is Rs. 4, then also, for any income level w > 0,
the consumer buys ¢ units of commodity 1 and %w units of

commodity 2.



If possible, identify a continuous utility function U : R? — R,
which is non-decreasing in both arguments, for which both of
these two types of purchases, are solutions to the consumer’s

utility maximization problem.
[10+15]

7. Let %, R, and R, ; be the sets of real numbers, non negative real
numbers, and strictly positive real numbers, respectively. Consider
an L-commodity economy and suppose that the commodity space is
X=X x...xX; = §]‘EJLr Let > be the binary preference relation

‘at least as good as’ defined on X. Answer the following questions.

(a) Suppose that the preference relation > on X has a utility repre-
sentation, that is, there exists a function U : X — ¥ such that
forany x,y € X, x > yifand only if U(z) > U(y). Then show
that the preference relation >~ on X is rational, i.e., complete and

transitive.

(b) Suppose that the preference relation >~ on X has a continuous
utility function that represents it. Then show that the preference

relation > on X is also continuous.
[10+15]

8. Consider a two-factor-two-good economy (say, the Home country)
under autarky. Fixed input-output coefficients are given by ar; = 30,
ary = 20, agr = age = 1, where a;; is the amount of the sth
factor required to produce one unit of the jth commodity. Endow-

ment of the two factors labour and capital are given by L = 500,

5



K = 20. All individuals have an identical utility function given by
U= XX, % a = 4/7, where X, X, are the consumption (and
production) of the two commodities under autarky. Find equilibrium
levels of output, factor prices, and the relative commodity price under

autarky.

Now consider another country (the Foreign country) with identical
technology and demand but different endowments. Endowments in
the Foreign country are given by L* = 700, K* = 25. Find equilib-
rium levels of output, factor prices and the relative commodity price
under autarky in the Foreign country. [Hint: Note that both factors

cannot be fully employed in autarky in the Foreign country]

Suppose both countries open up to free trade and both countries are
price takers (i.e. small) in the world market. Suppose further that in
the world market the price of good 1 relative to the price of good 2
is 5/4. Which good will the Home country export? Which good will

the Foreign country export?
[8+9+8]

. For each of the statements below, prove the result if it is true, give a
counter example if it is not true.

Suppose a game G = (N, (S;)ien, (u;)icn) has exactly two pure strat-
egy Nash equilibria s and s’ such that u;(s) # u;(s’) forall i € N.
Then,

(a) there must be at least two distinct players 7,7 € N such that

s; # s; and s; # s,



(b)

(c)

there is a mixed strategy Nash equilibrium m of G such that
m ¢ {s,s'},

there are infinitely many correlated Nash equilibria of G.

[5+10+10]

10. For each of the statements below, prove the result if it is true, give a

counter example if it is not true.

(a)

(b)

Suppose a game G = (N, (S;);en, (u;)icn) does not have any
pure strategy Nash equilibrium. Then, for all discount factor
§ € (0,1), the two-period repeated game G?(0) of the one-shot

game G does not have any pure strategy Nash equilibrium.

For a game G = (N, (S;)ien, (u;)ien), let the mixed strategy

extension of G with pessimistic players be defined as

A

G = (N, (My)ien, (U)ien),

where

e M, is the set of mixed strategies of player 7, and

o forallm € [,y My, 4;(m) = min {w(s) : s € Supp(m)},
where Supp(m) = {s € [[;cy S; : my(s;) > Oforall j €

NY.

Then, for every game G, the mixed strategy extension G of G

with pessimistic players has a Nash equilibrium.

[10+15]



