
1. Suppose that {xn}n≥1 is a sequence of real numbers such that the

inequality |xn+1 − xn| ≤ 1
2 |xn − xn−1| holds for all n ≥ 2. Prove that

{xn}n≥1 is convergent. [10]

2. Let Z be the set of all integers. Denote gcd(p, q) as the greatest

common divisior of p, q ∈ Z . Let f : R → R be defined by

f(x) =

{
p
q2 , if x = p

q , where p, q ∈ Z, q &= 0 and gcd(p,q)=1;

0, otherwise.

Show that f is differentiable at x = 0. [10]

3. Show that the polynomial f(x) = 1 + 2x+ 3x2 + 4x3 + 5x4 + 6x5 has

a negative root. [10]

4. Are the vectors l1 = (1, 1, 0,−1), l2 = (5, 5, 0, 0), l3 = (0, 0,−1,−1)

linearly independent? [10]

5. Let the random variable X ∼ Binomial (n, p). Show that Variance of

X is maximum when p = 1
2 . [10]

6. Let X, Y, Z denote 3 jointly distributed random variables with joint

density function

f(x, y, z) =

{
K(x2 + yz), if 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1;

0, otherwise.

Find the value of the constantK. Determine the marginal distribution

of Y. [6+4]

7. Let x1 and x2 be the two real roots of the quadratic equation ax2 +

ax+ c = 0 where a &= 0 and c &= 0. Moreover, one root is the negative

of the reciprocal of the other root, i.e., x1 +
1
x2

= 0. Find the values

of x1 and x2. [10]
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8. (a) A code has 4 digits in a specific order. The digits are between

0 − 9 (including both 0 and 9). How many different codes are

possible if each digit may only be used once and we cannot have

a code such that 0 is the first digit?

(b) In how many different ways can the word ‘political’ be rearranged

such that the vowels figuring in that word (o, i, i, a) only occur

in even places?

(c) In how many different ways can the word ‘policy’ be rearranged

such that the vowels figuring in that word (o, i) only occur in

even places?

[2+4+4=10]

9. Consider a consumer in a two-commodity economy whose utility func-

tion is given by U(x1, x2) = A− (x1)2− (x2)2+2a1x1+2a2x2− (a1)2−
(a2)2 with A > 0, a1 > 0, a2 > 0, x1 ≥ 0 and x2 ≥ 0. Let p1 > 0 be

the price of commodity 1, p2 > 0 be the price of commodity 2 and M

be the money income of the consumer.

(a) If M > p1a1 + p2a2, then what can you say about the optimal

value of the Lagragian multiplier associated with the budget con-

straint M ≥ p1x1+p2x2 when the consumer maximizes his utility

subject to the budget constraint? Justify your answer.

(b) If M < p1a1 + p2a2, then how does your result change?

[5+5=10]

10. If a function f : [0,∞) → [0,∞) is concave and f(0) ≥ 0, then show

that f(x+ y) ≤ f(x) + f(y) for all x, y ∈ [0,∞). [10]
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��� 6XSSRVH� D� SURGXFHU� XVHV� FDSLWDO� DQG� ODERXU� DV� LQSXWV�� /HW� FDSLWDO� EH�
GHQRWHG�E\�N��DQG�ODERXU�E\� O��6XSSRVH�WKH�SURGXFWLRQ�IXQFWLRQ�LV�\�N�O����
/HW�Z�EH�WKH�ZDJH�UDWH�RI�ODERXU�DQG�U�EH�WKH�UHQWDO�UDWH�RI�FDSLWDO�� �
�
�D��3URYLGH� DQ� H[DPSOH� RI� D�SURGXFWLRQ� IXQFWLRQ� \�ZKLFK� LV� FRQWLQXRXV�

HYHU\ZKHUH� LQ�N� DQG� O�� \HW� QRW� GLIIHUHQWLDEOH� HYHU\ZKHUH� LQ� N� DQG� O��
VXFK� WKDW� FDSLWDO� DQG� ODERU� DUH� VXEVWLWXWHV� LQ� SURGXFWLRQ��:ULWH� WKH�
IXQFWLRQ�LQ�DOJHEUDLF�IRUP��

�E��)RU� \RXU� H[DPSOH�� GUDZ� WKH� LVRTXDQW� PDS� XVLQJ� UHSUHVHQWDWLYH�
LVRTXDQWV��$OVR�UHSUHVHQW�WKH�LVRTXDQW�V��DOJHEUDLFDOO\���

�F��)RU�\RXU�H[DPSOH��KRZ�GRHV�WKH�RSWLPDO�FDSLWDO�FKRLFH�GHSHQG�RQ�Z�
DQG�U"�

>������� ��@�

�

��� &RQVLGHU� DQ� ݊�ILUP� LQGXVWU\� RI� D� KRPRJHQHRXV� SURGXFW�� ݊  ʹ�� )LUPV�
SOD\�&RXUQRW��8QLW�FRVW�RI�SURGXFWLRQ�E\�HDFK�ILUP�LV�݉  Ͳ��7KH�PDUNHW�
SULFH� IRU� WKH�SURGXFW� LV�ܲ ൌ ���ሼͲǡ ܣ െ ܺሽ��ZKHUH�ܺ� LV� LQGXVWU\�RXWSXW�
DQGܣ��LV�WKH�GHPDQG�VKLIW�SDUDPHWHU�ܣ�  ݉��1RZ�FRQVLGHU�WKH�PHUJHU�RI�
D�VXEVHW�RI� ILUPV��$VVXPH�WKDW�D�PHUJHU�RI�݇� ILUPV�ZLOO�EH�SURILWDEOH� LI�
WKH�PHUJHG� ILUP¶V� SURILW� LV� DW� OHDVW� DV� ODUJH� DV� WKH� VXP� RI� SURILWV� RI�݇�
LQGHSHQGHQW� ILUPV� LQ� DQ�݊�ILUP� ROLJRSRO\� LQGXVWU\��ͳ ൏ ݇  ݊�� $QVZHU�
WKH�IROORZLQJ��

>1RWH�� LI�݇� ILUPV�PHUJH� LQ�DQ�݊�ILUP�&RXUQRW� ROLJRSRO\�� WKH�PHUJHG� ILUP¶V�

SURILW�LV�ሺ݇ǡߨ� ݊ሻ ൌ ሺିሻమ

ሺିାଶሻమ
��'RQ¶W�GHULYH�SD\RIIV�VHSDUDWHO\�@�

�D��([DPLQH�ZKHWKHU� D�PHUJHU�RI� WZR� ILUPV� �L�H���݇ ൌ ʹሻ� LQ� DQ�݊�ሺ ʹሻ�
ILUP�LQGXVWU\�LV�DOZD\V�SURILWDEOH���

�E��'HULYH� WKH� FRQGLWLRQ�� LQ�JHQHUDO�� IRU� D�SURILWDEOH�PHUJHU�RI�݇� ILUPV��
ʹ  ݇  ݊���

�F�� ,I� WKHUH� DUH� H[DFWO\� �� ILUPV� LQ� WKH� LQGXVWU\� �L�H���݊ ൌ ͷሻ�� KRZ�PDQ\�
ILUPV��DW�WKH�PLQLPXP��VKRXOG�PHUJH�WR�PDNH�LW�D�SURILWDEOH�PHUJHU"�
*LYH�WKH�LQWXLWLRQ�EHKLQG�\RXU�UHVXOW��

>������ ��@�

7KHUH�DUH�IRXU�VHFWLRQV�LQ�WKLV�WHVW��$��%��&�DQG�'���$QVZHU���TXHVWLRQV����$W�
OHDVW�RQH�TXHVWLRQ�KDV�WR�EH�DQVZHUHG�IURP�HDFK�RI�WKH�VHFWLRQV�$��%�DQG�&���
7KH�IRXUWK�TXHVWLRQ�FDQ�EH�DQVZHUHG�IURP�DQ\�VHFWLRQ�
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��� �D��$Q�LQGLYLVLEOH�REMHFW�LV�VROG�WR���EX\HUV��,I�DQ\�EX\HU�݅�JHWVݍ� א ሼͲǡͳሽ�
TXDQWLW\�RI� WKH�REMHFW�DQG�PDNHV�D�SD\PHQW�RI���KHU�SD\RII� LV�ሺݍݒ െ
�ݒ�ሻ��ZKHUH LV� WKH�YDOXH�RI� WKH�REMHFW� IRU�EX\HU� ݅��6XSSRVHݒ�ଵ  ଶݒ 
��ଷݒ 3D\PHQW�� FDQ� EH�SRVLWLYH�� QHJDWLYH� RU� ]HUR� �VRPH�EX\HUV�PD\� EH�
SDLG�RU�FRPSHQVDWHG����

&RQVLGHU�WKH�IROORZLQJ�QRUPDO�IRUP�JDPH��7KH�VHOOHU�DVNV�HDFK�EX\HU�
WR�SODFH�D�ELG�� ,I�ሺܾଵǡ ܾଶǡ ܾଷሻ� DUH� WKH�ELGV�RI� WKH�EX\HUV� WKHQ� WKH�KLJKHVW�
ELGGHU� ZLQV�� 7LHV� DUH� EURNHQ� LQ� IDYRXU� RI� KLJKHU� LQGH[HG� EX\HU�� IRU�
LQVWDQFH��LI�ܾଵ  ܾ�IRU�DOO�݅ ് ͳ��WKHQ�EX\HU���ZLQV�WKH�REMHFW��,I�ELGGHU�L�
ZLQV��VKH�SD\V����

ஷ ܾ��2XW�RI�WKLV�SD\PHQW��WR�HYHU\�EX\HU�Nא��^�������`��

WKH�VHOOHU�UHWXUQV��L�H���N�LV�FRPSHQVDWHG��
ଵ
ଷ
���
ஷ ܾ��

LI�N� LV� WKH�KLJKHVW�ELGGHU�RU� WKH�VHFRQG�KLJKHVW�ELGGHU�� ,I�N� LV� WKH�ORZHVW�
ELGGHU��WKHQ�VKH�LV�FRPSHQVDWHG�

� ଵ
ଷ
���
ஷ ܾ��

+HUH� WKH� KLJKHVW�� WKH� VHFRQG� KLJKHVW�� DQG� WKH� ORZHVW� ELGGHUV� DUH�
GHWHUPLQHG�E\�XVLQJ�WKH�VDPH�WLH�EUHDNLQJ�UXOH�DV�PHQWLRQHG�EHIRUH���WKDW�
LV��WLHV�DUH�EURNHQ�LQ�IDYRXU�RI�WKH�KLJKHU�LQGH[HG�ELGGHU��)RU�LQVWDQFH��LI�
ܾଵ ൌ ܾଶ ൌ ܾଷ��WKHQ���LV�WKH�KLJKHVW�ELGGHU����LV�WKH�VHFRQG�KLJKHVW�ELGGHU��
DQG���LV�WKH�ORZHVW�ELGGHU��LI�ܾଶ ൌ ܾଷ  ܾଵ��WKHQ���LV�WKH�KLJKHVW�ELGGHU����
LV�WKH�VHFRQG�KLJKHVW�ELGGHU��DQG���LV�WKH�ORZHVW�ELGGHU���

6KRZ� WKDW�ELGGLQJ�KHU�RZQ�YDOXH� LV� D�ZHDNO\�GRPLQDQW� VWUDWHJ\� IRU�
HDFK�EX\HU��

�E��6XSSRVH�ሺߪଵכǡ �ሻכଶߪ LV�D�1DVK�HTXLOLEULXP�PL[HG�VWUDWHJ\�SURILOH� LQ�D�
WZR�SHUVRQ�QRUPDO�IRUP�JDPH��(LWKHU�SURYH��ZLWK�DSSURSULDWH�DUJXPHQWV��
RU�SURYLGH�D�FRXQWHUH[DPSOH�WR�WKH�IROORZLQJ�VWDWHPHQW��LI�D�SXUH�VWUDWHJ\�
�ଵݏ LV� SOD\HG� ZLWK� SRVLWLYH� SUREDELOLW\� LQ� ��כଵߪ WKHQ� �ଵݏ LV� QRW� VWULFWO\�
GRPLQDWHG��

>�� �� ��@�
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��� &RQVLGHU� DQ� DJHQW� ZKR� OLYHV� IRU� WZR� SHULRGV�� 6KH� HDUQV� ZDJH� LQFRPH�
RQO\� LQ� WKH� ILUVW� SHULRG� RI� KHU� OLIH� E\� VXSSO\LQJ� KHU� ODERXU� LQ� LQHODVWLF�
PDQQHU��7KH�WLPLQJ�RI�WKH�HYHQWV�LV�DV�IROORZV�±�WKH�DJHQW�ILUVW�UHFHLYHV�
WKH� ZDJH� LQFRPH� :� DQG� WKHQ� DOORFDWHV� KHU� SRUWIROLR� EHIRUH� DQ\� ILUVW�
SHULRG� FRQVXPSWLRQ��7KH� DJHQW� KDV� WKH� IROORZLQJ� XWLOLW\� IXQFWLRQ� DW� WKH�
EHJLQQLQJ�RI�KHU�OLIH��

ܷ ൌ ݔ ��ሺܿଵሻ  ሺͳߚ െ ሻݔ ��ሺܿଶሻ��

�ZKHUH�ȕ�LV�D�SDUDPHWHU�ZLWK�����ȕ������DQG�[�LV�D�UDQGRP�YDULDEOH�ZKLFK�
FDQ�WDNH�WZR�YDOXHV����ZLWK�SUREDELOLW\�S�DQG���ZLWK�SUREDELOLW\����í�S���
7KH� UHDOL]DWLRQ� RI� [� RFFXUV� LQ� WKH� ILUVW� SHULRG� DIWHU� VKH� DOORFDWHV� KHU�
UHVRXUFHV� EXW� EHIRUH� PDNLQJ� DQ\� FRQVXPSWLRQ� LQ� WKH� ILUVW� SHULRG�� 7KH�
DJHQW� KDV� WZR� WHFKQRORJLHV� WR� LQYHVW� LQ�� VWRUDJH� WHFKQRORJ\� DQG�
LQYHVWPHQW�WHFKQRORJ\��8QGHU�VWRUDJH�WHFKQRORJ\��RQH�XQLW�RI�LQYHVWPHQW�
RI�WKH�FRQVXPSWLRQ�JRRG�DW�WKH�EHJLQQLQJ�RI�WKH�ILUVW�SHULRG�VHFXUHV�ܴ௦ 
Ͳ� XQLWV� RI� JURVV� UHWXUQ� HLWKHU� ODWHU� LQ� WKH� ILUVW� SHULRG� RU� LQ� WKH� VHFRQG�
SHULRG��,QYHVWPHQW�WHFKQRORJ\�RQ�WKH�RWKHU�KDQG�JXDUDQWHHV�ܴ  Ͳ�JURVV�
UHWXUQ� LQ� VHFRQG� SHULRG� EXW� QR� UHWXUQ� LI� OLTXLGDWHG� HDUO\�� 6R�� SUHFLVHO\��
VWRUDJH� WHFKQRORJ\� LV� IRU� OLTXLG� DVVHWV� DQG� LQYHVWPHQW� WHFKQRORJ\� LV� IRU�
LOOLTXLG�DVVHWV��/HW�ș� UHSUHVHQW� WKH� IUDFWLRQ�RI�VDYLQJV�SXW� LQ� WKH� VWRUDJH�
WHFKQRORJ\�GXULQJ�DOORFDWLRQ�DW�WKH�EHJLQQLQJ�RI�WKH�ILUVW�SHULRG��� �
�

�D��:ULWH� GRZQ� WKH� H[SHFWHG� XWLOLW\� PD[LPL]DWLRQ� SUREOHP� RI� WKH�
DJHQW��

�E��'HULYH� WKH� RSWLPXP� OHYHO� RI� ș�� WKDW� LV�� WKH� YDOXH� RI� ș� WKDW�
PD[LPL]HV� H[SHFWHG� XWLOLW\�� 8QGHU� ZKDW� FRQGLWLRQ� RQ� S� LV� WKH�
YDOXH�RI�ș�HTXDO�WR��"��

�F��'RHV� RSWLPDO� XWLOLW\� LQFUHDVH�ZLWK�ܴ௦  Ͳ"� ,Q� HLWKHU� FDVH� VKRZ�
\RXU�UHVXOW��
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��� &RQVLGHU� DQ� HFRQRP\� SURGXFLQJ� D� VLQJOH� FRQVXPSWLRQ� JRRG�� ܻ�� � 7KH�
DJJUHJDWH�SURILW�PD[LPL]LQJ�ILUP�SURGXFHV�WKLV�JRRG�E\�WKH�VLQJOH�IDFWRU�
RI� SURGXFWLRQ�� ODERXU�� ��ܮ DFFRUGLQJ� WR� WKH� SURGXFWLRQ� IXQFWLRQ� ܻ ൌ ��ఏܮ
ZKHUH�����ߠ�� ൏ ͳǤ��7KH�UHSUHVHQWDWLYH�KRXVHKROG�KDV�ODERXU�LQFRPHܮݓ����
�ZKHUHܮ��LV�WKH�ODERXU�VXSSOLHG�E\�WKH�KRXVHKROG��DQGݓ��LV�WKH�ZDJH�UDWH���
DQG�DQ�LQLWLDO�PRQH\�KROGLQJܯ�ᇱ���,WV�SUHIHUHQFHV�DUH�JLYHQ�E\���

ܷ ൌܥ�ఈ �ቀெ

ቁ
ଵିఈ

െܮ�ఊ���

ZKHUHߛ�  ͳ��Ͳ ൏ ߙ ൏ ͳǢܥ�� LV� DJJUHJDWH� FRQVXPSWLRQܯ��� LV� WKH�PRQH\�
KROGLQJ�WKH�KRXVHKROG�HQGV�XS�ZLWK��ܲ�LV�WKH�SULFH�RI�JRRG�ܻ�DQG�WKH�ODVW�
WHUP�� െܮఊ�� GHQRWHV� WKH� GLVXWLOLW\� IURP� ODERXU� VXSSO\�� � 7KH� EXGJHW�
FRQVWUDLQW�RI�WKH�KRXVHKROG�LV�JLYHQ�E\��

ܥܲ  ܯ� ൌ ܮݓ ܯᇱ  �ߨ�

ZKHUH� �ߨ LV� WKH� KRXVHKROG¶V� SURILW� LQFRPH�� � ,Q� HTXLOLEULXP��ܻ ൌ �ܥ DQG�
ܯ ൌ ���ᇱ���$VVXPH�SULFH�DQG�ZDJH�DUH�ERWK�IOH[LEOHܯ

�D�� �6ROYH�IRU�WKH�FRPSHWLWLYH�HTXLOLEULXP�RXWSXW�DQG�HPSOR\PHQW����

�E��)LQG�WKH�HIIHFW�RQ�RXWSXW�RI�D�PRQHWDU\�H[SDQVLRQ���L�H���ILQG�WKH�
VLJQ�RI� ௗ

ௗெᇲሻǤ�

>����� ��@�

�

��� &RQVLGHU� WKH� 6RORZ�6ZDQ� JURZWK�PRGHO�� � $VVXPH� WKDW� WKH� SURGXFWLRQ�
IXQFWLRQ�LV�RI�WKH�IRUP��

௧ܻ ൌ ǡܭሺܨ �ሻܮܣ�

�ZKHUH�$�LV�WKH�OHYHO�RI�WHFKQRORJLFDO�SURJUHVV�DQG�JURZV�DW�WKH�UDWH�݃ 
Ͳ��/� LV�SRSXODWLRQ�ZKLFK�JURZV�DW� WKH�UDWH�݊  Ͳ��.� LV� WKH�FDSLWDO�VWRFN�
DQG�<�LV�*'3��$VVXPH�WKDW�

ሶܭ ൌ ܻݏ െ �ܭߜ��

ZKHUH�WKH�SDUDPHWHUݏ� א ሾͲǡͳሿ�GHQRWHV�WKH�VDYLQJV�UDWH�DQG�WKH�SDUDPHWHU�
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ߜ א ሾͲǡͳሿ� GHQRWHV� WKH� GHSUHFLDWLRQ� RQ� FDSLWDO�� � 'HILQH� ܼ ൌ 

� DV� WKH�

FDSLWDO�ODERXU�UDWLR�LQ�HIILFLHQF\�XQLWV���

�

�D��'HULYH�DQ�H[SUHVVLRQ�IRU�
ሶ

���

�E��5HFDOO�WKDWܨ�ሺǤ ǡ Ǥ ሻ�LV�OLQHDUO\�KRPRJHQHRXV�LQ�ERWK�LWV�DUJXPHQWV��
1RWLQJ� WKDW� ݂ሺܼሻ ൌ ሺܼǡܨ ͳሻ� ZKHUH� ݂ሺǤ ሻ� LV� WKH� LQWHQVLYH� IRUP�
SURGXFWLRQ�IXQFWLRQ��VKRZ�WKDW�IRU�DQ\ߣ�  ͳ��� �

�ሺఒሻ
ఒ

൏ ሺሻ

���

,QWHUSUHW�WKLV�LQHTXDOLW\�LQ�ZRUGV��

�F��8VH� EXOOHWV� �D�� DQG� �E�� WR� GUDZ� D� GLDJUDP� GHVFULELQJ� WKH�
G\QDPLFV�RI�JURZWK�LQ�WKH�6RORZ�6ZDQ�PRGHO��3ORW�=�RQ�WKH�[�
D[LV� DQG� WKH� DSSURSULDWH� IXQFWLRQV� RQ� WKH� \�D[LV�� WR� VKRZ� WKH�

G\QDPLFV�RI�JURZWK��
ሶ

��UHODWLYH�WR�WKH�VWHDG\�VWDWH�� ҧܼ���

�G��/HW�ܳ௧ ൌ


�GHQRWH�RXWSXW�SHU�ZRUNHU��6KRZ�WKDW�RQ�WKH�EDODQFHG�

JURZWK�SDWK��

��ሺ തܳ௧ሻ ൌ ��ሺܣ௧ ݂ሺ ҧܼሻሻ  �ǡݐ݃

ZKHUH� ҧܼ� LV� WKH� VWHDG\� VWDWH� YDOXH� RI� =� DQG� തܳ� LV� WKH� EDODQFHG�
JURZWK�SDWK�YDOXH�RI�4��'UDZ�D�GLDJUDP�SORWWLQJ� ��ሺܳ௧ሻ�RQ�WKH�
\�D[LV�DQG�WLPH��W��RQ�WKH�[�D[LV�ZLWK�ERWK��L��J�!���DQG��LL��J� �
���'HVFULEH� WKH�JURZWK� LPSOLFDWLRQV�DFURVV� WKHVH� WZR�FDVHV� LQ�D�
FRXSOH� RI� VHQWHQFHV�� ,QGLD¶V� VDYLQJV� UDWH� KDV� IDOOHQ� GXULQJ�
&29,'����� ,Q� D� VHSDUDWH�GLDJUDP�� VKRZ� WKH� HIIHFWV�RI� D� IDOO� LQ�
WKH�VDYLQJV�UDWH�RQ�,QGLD¶V�JURZWK�LQ�WKH�WUDQVLWLRQ�DQG�WKH�ORQJ�
UXQ�XVLQJ�WKLV�GLDJUDP��XQGHU�WKH�DVVXPSWLRQ�WKDW�J�!�����

>������� ��@�
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��� $Q� HFRQRPLVW� LV� DVNHG� WR� HYDOXDWH� ZKHWKHU� KDYLQJ� VFLHQFH�� WHFKQRORJ\��
HQJLQHHULQJ� DQG� PDWK� LQVWLWXWLRQV� �67(0�� LQ� D� GLVWULFW� RI� ,QGLD� IRVWHUV�
GHPDQG� IRU� VFLHQFH� HGXFDWLRQ� DPRQJ� KLJK� VFKRRO� FKLOGUHQ� OLYLQJ� LQ� WKDW�
GLVWULFW��6KH�KDV�DFFHVV�WR�WZR�GDWD�VHWV�IRU�WKH�\HDU�����������D�GDWD�VHW�WKDW�
OLVWV�WKH�67(0�LQVWLWXWHV�LQ�HDFK�GLVWULFW�RI�,QGLD��DQG�����D�GDWD�VHW�WKDW�LV�
EDVHG� RQ� D� VLPSOH� UDQGRP� VDPSOH� RI� FKLOGUHQ� RI� DJHV� ��� WR� ��� \HDUV� LQ�
������ WKH� GDWD� VHW� DOVR� FRQWDLQV� LQIRUPDWLRQ� RQ� WKH� KLJK� VFKRRO� VWUHDP�
FKRLFH��6FLHQFH��&RPPHUFH�DQG�$UWV��RI�DOO�WKH�VXUYH\HG�FKLOGUHQ�ZKR�DUH�
HQUROOHG� LQ� KLJK� VFKRRO�� 7KH� GDWD� VHW� DOVR� SURYLGHV� LQGLFDWRUV� RI� VRFLR�
HFRQRPLF�FKDUDFWHULVWLFV�RI�WKH�KRXVHKROGV�WKH�FKLOGUHQ�EHORQJ�WR��6XSSRVH�
WKDW�DOO�WKH�FKLOGUHQ�LQ�WKH�VXUYH\HG�DJH�JURXS�DUH�HQUROOHG�LQ�KLJK�VFKRRO��
&RQVLGHU�WKH�PRGHO�

ܻௗ ൌ ߚ  ௗܯܧଵܵܶߚ  �ௗߝ���������������������������������������������������������
ZKHUH�݅�GHQRWHV�D�FKLOG�DQG�݀�GHQRWHV�D�GLVWULFW��ܻ�LV�D�ELQDU\�YDULDEOH�WKDW�
WDNHV� WKH�YDOXH��� LI� WKH� FKLOG�KDV� FKRVHQ� VFLHQFH� VWUHDP�DQG���RWKHUZLVH��
���LQVWLWXWLRQV�LQ�D�GLVWULFWܯܧ�GHQRWHV�WKH�QXPEHU�RI�ܵܶܯܧܶܵ

�D�� ,I�WKH�HFRQRPLVW�HVWLPDWHVߚ�ଵ�XVLQJ�2UGLQDU\�/HDVW�6TXDUHV��2/6���
ZKHQ�ZLOO�LW�EH�FRQVLVWHQW"�([SODLQ�LQWXLWLYHO\�ZK\�LW�LV�OLNHO\�WR�EH�
LQFRQVLVWHQW����'R�QRW�UHVWDWH�WKH�WHFKQLFDO�FRQGLWLRQ�LQ�ZRUGV���

�E��,Q� OLJKW� RI� WKH� LQFRQVLVWHQF\�� WKH� HFRQRPLVW� GHFLGHV� WR� DGG� VRPH�
FRQWURO� YDULDEOHV��2QH� VHW� RI� FDQGLGDWH� YDULDEOHV� IRU� LQFOXVLRQ� DUH�
VRFLR�HFRQRPLF� FKDUDFWHULVWLFV� �GHQRWH�E\�ܼ���ZKLFK�ZLOO� W\SLFDOO\�
KDYH�DQ�LPSRUWDQW�UROH�WR�SOD\�LQ�KLJK�VFKRRO�VWUHDP�FKRLFH��7KHVH�
YDULDEOHV� PD\� KDYH� VRPH� FRUUHODWLRQ� ZLWK� WKH� QXPEHU� RI� 67(0�
LQVWLWXWHV� LQ� D� GLVWULFW�� EXW� WKLV� FRUUHODWLRQ� LV� OLNHO\� WR� EH� ORZ��
0RUHRYHU�� WKH� HFRQRPLVW� DOVR� FROOHFWV� GDWD� RQ� VRPH� GLVWULFW� OHYHO�
YDULDEOHV� OLNH� 8UEDQL]DWLRQ� UDWH�� 3RSXODWLRQ�� /LWHUDF\� �GHQRWHG� E\�
',67��� 7KHVH� YDULDEOHV� ZLOO� KDYH� VRPH� VPDOO� GLUHFW� HIIHFW� RQ� WKH�
VWUHDP�FKRLFH� RI� VWXGHQWV� EXW� DUH� OLNHO\� WR� EH� KLJKO\� FRUUHODWHG� WR�
WKH� QXPEHU� RI� 67(0� LQVWLWXWHV� LQ� D� GLVWULFW�� ([SODLQ� ZK\� WKH�
LQFOXVLRQ� RI� ',67� LV� PRUH� LPSRUWDQW� IRU� WKH� FRQVLVWHQF\� RI� WKH�
HVWLPDWHG� �ଵ�WKDQߚ WKH� LQFOXVLRQ� RI� =�� :K\� LV� LW� LPSRUWDQW� WR� VWLOO�
LQFOXGH�="��127(��ZH�DUH�127�LQWHUHVWHG�LQ�SUHGLFWLQJ�<�����

�F��6RPHRQH� VWDWHV� WKDW� VLQFH� WKHUH� DUH� GLIIHUHQFHV� LQ� VWDWH� SROLFLHV�
UHJDUGLQJ�HGXFDWLRQ��RQH�VKRXOG�DFFRXQW�IRU�WKHP�E\�LQFOXGLQJ�VWDWH�
OHYHO�GXPP\�YDULDEOHV��5HZULWH�WKH�HPSLULFDO�PRGHO�WR�DFFRXQW�IRU�
VXFK� GLIIHUHQFHV� DFURVV� WKH� ��� VWDWHV� RI� ,QGLD�� ([SODLQ� KRZ� WKH�
LQFOXVLRQ� RI� WKHVH� GXPP\� YDULDEOHV� DFFRXQWV� IRU� WKH� GLIIHUHQFHV�
DFURVV�VWDWHV��
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�G��6XSSRVH� WKH� HFRQRPLVW� HVWLPDWHV� DQ\� RI� WKH� DERYH� VSHFLILFDWLRQV��
6KH�IHHOV�WKDW�VKH�FDQ�SURYLGH�SURRI�WKDW�KHU�HVWLPDWRU�LV�FRQVLVWHQW�
E\�WKH�IROORZLQJ�SURFHGXUH��DIWHU�HVWLPDWLQJ�WKH�PRGHO�E\�2/6��VKH�
UHJUHVVHV�WKH�UHVLGXDO�RI�WKH�UHJUHVVLRQ�RQ�67(0��6KH�FRQWHQGV�WKDW�
LI�WKH�ܴଶ�RI�WKLV�UHJUHVVLRQ�LV���WKHQ�WKH�HUURU�WHUP�GRHV�QRW�FR�YDU\�
ZLWK�67(0��3URYH�WKDW�WKLV�LV�DQ�LQFRUUHFW�DUJXPHQW���

�H��6RPHRQH� SRLQWV� RXW� WKDW� LW� LV� JHWWLQJ� KDUGHU� QRZDGD\V� WR� FODVVLI\�
KLJK� VFKRRO� VWUHDP�FKRLFH� LQWR� WKH� VWDWHG� WKUHH� FDWHJRULHV� EHFDXVH�
VWXGHQWV�WDNH�XS�PDQ\�FRPELQDWLRQV�WKDW�FXW�DFURVV�WKHVH�WUDGLWLRQDO�
VWUHDPV�� %XW� WKH� VXUYH\� TXHVWLRQQDLUHV� KDYH� QRW� EHHQ� XSGDWHG� WR�
UHIOHFW�WKLV��6R�WKH�VXUYH\HG�VWXGHQWV�ZLOO�EH�UHTXLUHG�WR�FKRRVH�RQH�
RI� WKH� WKUHH�RSWLRQV��KHQFH� WKHUH�ZLOO�EH� VRPH�PLVPHDVXUHPHQW�RI�
VWUHDP�FKRLFH��:KDW�ZLOO�EH�WKH�LPSDFW�RI�WKLV�RQ�SURSHUWLHV�RI�WKH�
HVWLPDWHGߚ�ଵ"��
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��� &RQVLGHU�WKH�IROORZLQJ�WLPH�VHULHV���

௧ܻ ൌ ߤ  ௧ߝ  ��௧ିଵǡߝߠ

ZKHUH� �௧ߝ LV� D� ZKLWH� QRLVH� SURFHVV� ZLWK�PHDQ� ��� YDULDQFHߪ�ଶǢ�DQG� DOO� WKH�������
DXWRFRUUHODWLRQV�RIߝ�௧�DUH�]HURV��

�D�� �([DPLQH�LI�WKH�WLPH�VHULHV� ௧ܻ�LV�VWDWLRQDU\�RU�QRW���

�E���'HULYH�WKH�FRQGLWLRQ�VXFK�WKDW� ௧ܻ�LV�LQYHUWLEOH��

�F��'HILQH� ܼ௧ ௧ܻ  ܺǡ�ZKHUH� ܺ� DQG� ௧ܻ� DUH� LQGHSHQGHQW� IRU� DOO� WLPH�
SRLQWV�±�SDVW��SUHVHQW�DQG�IXWXUH��ܺ  ܰሺͲǡ ͳͲሻ�DQG� ௧ܻ�LV�DV�GHILQHG�
DERYH���)LQG�WKH�DXWRFRUUHODWLRQ�IXQFWLRQ�RI�ܼ௧Ǥ�([DPLQH�ZKHWKHU�ܼ௧�
LV�VWDWLRQDU\��
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��� $� ILFWLRQDO� LVODQG� FRXQWU\� QDPHG�12:+(5(/$1'� VKXW� LWVHOI� IURP� WKH�
ZRUOG�EHIRUH�D�VLQJOH�&RYLG�LQIHFWLRQ�ZDV�GHWHFWHG��,Q�-DQXDU\�RI�������LW�
SURFXUHG� HQRXJK� GRVHV� RI� D� VLQJOH� GRVH� YDFFLQH� WR� YDFFLQDWH� KDOI� LWV�
SRSXODWLRQ��7KHUHDIWHU�QR�PRUH�YDFFLQDWLRQ�ZDV�GRQH�EXW�WKH�HFRQRP\�ZDV�
RSHQHG� ��SUHGLFWDEO\�PDQ\�FDVHV�RI�&RYLG����FDPH�XS�� ,Q�0D\������� WKH�
KHDOWK�PLQLVWU\� FRQGXFWHG� D� VXUYH\� RI� DOO� LQGLYLGXDOV� LQ� WKH� FRXQWU\�� 7KH�
VXUYH\�FROOHFWHG� LQIRUPDWLRQ�RQ�YDFFLQDWLRQ�VWDWXV��GHPRJUDSKLF�YDULDEOHV�
DQG�DQ� LQGLFDWRU�RI�ZKHWKHU� WKH�SHUVRQ�ZRUNHG�RU�QRW� �D�ELQDU\�YDULDEOH���
7KH�PLQLVWU\�ZDQWV�WR�HVWLPDWH�WKH�EHQHILWV�RI�YDFFLQDWLRQ��LQ�SDUWLFXODU��LW�
ZDQWV� WR� FRQWHQG� WKDW� WKH� YDFFLQH� KDG� SRVLWLYH� HIIHFWV� RQ� DQ� LQGLYLGXDO
V�
ODERXU�VXSSO\��<RX�DUH�WKH�DQDO\VW���

�D��6XSSRVH� YDFFLQDWLRQ� FHQWUHV� JDYH� YDFFLQHV� WR� SHRSOH�� ZKR� FDPH�
YROXQWDULO\�� RQ� D� ILUVW� FRPH� ILUVW� VHUYHG� EDVLV� �� WLOO� WKH\� H[KDXVWHG� WKH�
YDFFLQHV�WKH\�KDG��35272&2/�����

�L�� :ULWH� GRZQ� DQ� HPSLULFDO�PRGHO�� WR� HVWLPDWH� E\� 2UGLQDU\� /HDVW�
6TXDUHV��WKH�LPSDFW�RI�JHWWLQJ�D�YDFFLQH�RQ�DQ�LQGLYLGXDO
V�ODERXU�
VXSSO\��8QGHU�ZKDW�FRQGLWLRQ�V��ZLOO� WKH�HVWLPDWHG�SDUDPHWHU�EH�
WKH�WUXH�LPSDFW�RI�YDFFLQDWLRQ"���

�LL��6XSSRVH�\RX�GLVFRYHU�WKDW�WKH�PLQLVWU\�FRQGXFWHG�D�VLPLODU�VXUYH\�
LQ�1RYHPEHU������ �IRU�REYLRXV� UHDVRQV� WKH�TXHVWLRQ�RQ�YDFFLQH�
VWDWXV� ZDV� QRW� DVNHG��� <RX� WKHUHIRUH� KDYH� WZR� REVHUYDWLRQV� RQ�
HDFK� SHUVRQ�� :LOO� WKLV� KHOS� \RX� WR� FRPH� XS� ZLWK� D� EHWWHU�
VSHFLILFDWLRQ� WR�HVWLPDWH� WKH� LPSDFW�RI�YDFFLQDWLRQ"� ,I� \HV��ZULWH�
GRZQ�WKH�HPSLULFDO�PRGHO�DQG�H[SODLQ�ZK\���,I�QRW��ZLWK�WKH�KHOS�
RI�WKH�VDPH�HPSLULFDO�PRGHO��H[SODLQ�ZK\�QRW���

�E��6XSSRVH� YDFFLQDWLRQ� FHQWUHV� QRZ� IROORZHG� D� GLIIHUHQW� SURWRFRO�
�35272&2/�����7KH\�DOORZHG�YDFFLQHV�RQO\�WR�SHRSOH����\HDUV�ROG�DQG�
DERYH��7KH�PRGDOLW\�ZDV� WKH� VDPH�DV� DERYH�±� ILUVW� FRPH� ILUVW� VHUYHG� ��
DQG�JHWWLQJ�D�YDFFLQH�VKRW�ZDV�YROXQWDU\��&DQ�\RX�XVH�WKLV�DJH�FXW�RII�WR�
VXJJHVW�D�PHWKRG�WR�HVWLPDWH�WKH�LPSDFW�RI�WKH�YDFFLQH�RQ�ODERXU�VXSSO\"�
<RX�KDYH�DFFHVV�WR�ERWK�WKH�VXUYH\V�PHQWLRQHG�DERYH���

�F��1RZ� VXSSRVH� WKDW� 12:+(5(/$1'� KDG� IROORZHG� D� FRPSOHWHO\�
GLIIHUHQW� SURWRFRO�� ,W� KDG� OLVWHG� GRZQ� DOO� WKH� KRXVHKROGV� DQG� XVHG� D�
UDQGRP�QXPEHU�JHQHUDWRU�WR�GUDZ�XS�WKH�OLVW�RI�WKH�LQGLYLGXDOV��KDOI�WKH�
SRSXODWLRQ�� WKDW� VKRXOG�EH�YDFFLQDWHG� �35272&2/�����7KH� LQGLYLGXDOV�
HOLJLEOH�IRU�WKH�YDFFLQH��LQ�WKH�OLVW��FRXOG�KRZHYHU�FKRRVH�QRW�WR�WDNH�LW��
8VLQJ� WKH� VDPH� VXUYH\V� KRZ� ZRXOG� \RX� HVWLPDWH� WKH� LPSDFW� RI�
YDFFLQDWLRQ� RQ� ODERXU� VXSSO\"� :ULWH� GRZQ� WKH� HPSLULFDO� PRGHO� DQG�
GHVFULEH�KRZ�HVWLPDWLRQ�XQGHU�WKLV�SURWRFRO�PD\�OHDG�WR�EHWWHU�HVWLPDWHV�
WKDQ�LQ�WKH�SUHYLRXV�WZR�SURWRFROV���
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��� &DUERQ� GLR[LGH� HPLVVLRQV� YDU\� DFURVV� FRXQWULHV� DQG� DFURVV� LQGLYLGXDOV�
ZLWKLQ�FRXQWULHV����

�D�� :KLFK�FRXQWULHV�DUH�WKH�WKUHH�ODUJHVW�HPLWWHUV�RI�&2��SHU�\HDU"��
�E��:KDW� DUH� WKH� PDLQ� GHWHUPLQDQWV� RI� DQQXDO� &2�� HPLVVLRQV� RI�

FRXQWULHV"�:KDW� DERXW� HPLVVLRQV� SHU� FDSLWD"� ([SODLQ� WKH� UHDVRQV�
ZK\� WKH� IDFWRUV� \RX�KDYH� OLVWHG�H[SODLQ�FURVV�FRXQWU\�YDULDWLRQ� LQ�
&2��HPLVVLRQV�SHU�FDSLWD��

�F�� :KLFK�YDULDEOH�DFFRXQWV� WKH�PRVW� IRU�YDULDWLRQ� LQ�&2��HPLVVLRQV�
DFURVV�LQGLYLGXDOV�ZLWKLQ�FRXQWULHV"�

�G��:KDW�SROLFLHV�GR� \RX� WKLQN�JRYHUQPHQWV� DFURVV� WKH�ZRUOG�� DQG� LQ�
,QGLD�LQ�SDUWLFXODU��FRXOG�DGRSW�WR�UHGXFH�&2��HPLVVLRQV��RU�DW�OHDVW�
UHGXFH�LQFUHDVHV�LQ�&2��HPLVVLRQV��FRVW�HIIHFWLYHO\"��

�H�� +RZ�FRXOG� WKHVH�SROLFLHV�EH�GHVLJQHG�RU�PRGLILHG� WR�EH�SUR�SRRU�
ZKLOH�VWLOO�EHLQJ�FRVW�HIIHFWLYH"�

>��������� ��@�
�

��� �D��:KDW�ZDV�WKH�VKDUH�RI�KHDOWK�H[SHQGLWXUH�LQ�WKH�*'3�RI�,QGLD�EHIRUH�WKH��
UHFHQW�SDQGHPLF"�:KDW�SHUFHQWDJH�RI�KHDOWK�VSHQGLQJ�ZDV�SXEOLF��L�H���
E\�JRYHUQPHQW"������

�E��+RZ�GR�WKHVH�FRPSDUH�WR�WKH�JOREDO�DYHUDJHV�DQG�WR�RWKHU�ORZHU�PLGGOH�
LQFRPH�FRXQWULHV"���

�F��:KDW� DUH� VRPH�RI� WKH� UHDVRQV�ZK\� WKH� VKDUH�RI� KHDOWK� H[SHQGLWXUH� LQ�
,QGLD�FRPSDUHV�WR�WKH�JOREDO�DYHUDJH�LQ�WKH�ZD\�WKDW�LW�GRHV"����

�G��6RPH�KLJK�LQFRPH�FRXQWULHV�KDYH�DOPRVW�FRPSOHWH�SXEOLF�SURYLVLRQ�RI�
KHDOWK� FDUH�±� OLNH� WKH�8.�� VRPH�KDYH�PRVWO\� SULYDWH� KHDOWK� SURYLGHUV�
EXW�QDWLRQDOL]HG�KHDOWK�LQVXUDQFH��VR�WKDW�DOO�KHDOWK�VHUYLFHV�DUH�SDLG�IRU��
EXW� QRW� SURYLGHG� E\�� WKH� JRYHUQPHQW� �DV� LQ� &DQDGD��� DQG� VRPH� KDYH�
SULYDWH�KHDOWK�FDUH�DQG�SULYDWH�KHDOWK�LQVXUDQFH�EXW�ZLWK�UHJXODWLRQV�DQG�
ILQDQFLDO� VXSSRUW� WR� HQVXUH� WKDW� HYHU\RQH� LV� FRYHUHG� �*HUPDQ\� DQG�
6ZLW]HUODQG��� +RZ� FDQ� JRRG� TXDOLW\� DQG� VXIILFLHQW� KHDOWK� FDUH� EH�
SURYLGHG� WR� HYHU\RQH� LQ� ,QGLD"� ([SODLQ� KRZ� \RX� WKLQN� ,QGLD� VKRXOG�
PRYH� WRZDUGV� WKLV� JRDO� DQG� KRZ� LW� FDQ� EH� ILQDQFHG�� 3URYLGH� UHDVRQV�
ZK\�\RX�WKLQN�WKLV�LV�WKH�EHVW�SDWK�IRUZDUG��
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